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Abstract—Without  Rotating machines, it is almost impossible 

to comprehend machineries in modern engineering world 

.There are just too many associated  parts attached with such 

machines  . Many of these machines are required to run at very 

high speeds sometimes much higher than their first critical 

speeds. Stiffness and damping properties plays a very  

important role in the dynamic behaviour of these high speed 

rotors supported on journal bearings  .Rotor-bearing systems 

exhibit a wide variety of phenomena pertaining to its 

operations which if not properly addressed and rectified may 

lead to catastrophic failure of the system. One such rotor-

bearing phenomenon is the self-acting rotor vibrations induced 

by the hydrodynamic bearings and popularly known as oil-

whirl and oil-whip which have severe repercussion on the 

functioning of the rotors. Hydrodynamic bearing and 

integrated model tend to be unstable due to non-conservative 

nature of hydrodynamic forces and stiffness coefficients. The 

purpose of this work is to redeem vibrations of   hydrodynamic 

bearings with elegant control strategies. Attenuation of 

vibration in this work is done by using optimal control and 

conformal mapping based fractionalcontroller in such a way 

such that ultimate skeleton of the controller remains very 

simple to for practical deployment and also it improves the 

power utility and reduces overall energy cost. 

I. INTRODUCTION 

Rotor dynamics in modern day turbo machinery problems 

must be undertaken with absolutely greater depth as because 

very frequently operations of rotating machinery take place 

much above the sub-synchronous or critical speed. It is quite 

obvious that the rotating machines and its role and 

applications in industry affect directly the basic economic 

issues and deals very closely with the human life. Therefore, 

safe operation of this rotating machinery is an absolute 

necessity and dynamically to stabilize such machines is an 

absolute must for safe operations in industries. 

The dynamical systems subjected to such displacement 

dependent forces which cannot be easily be derived from 

slope or gradient of any potential function may become 

highly unstable. These self-induced instability is very 

common in tope’s and pendulum like system which was 

studied by Or (1994), Kirillov(2007), Bou-Rabee et al 

(2008), and Samantarayetal(2008). The shafts may draw 

energy from motor drives or energy from inertial parts 

causing instability. Some common examples of such 

engineering systems could be elastic structures subjected to 

aerodynamic forces, dissipative forces in 

couplings,hydrodynamic forces due to bearing supporting 

the rotor.  

II. DYNAMICS AND INSTABILITY ANALYSIS OF MICRO SIZE ROTORS 

 

 

Fig. 1.0  Distributed structure of the internal damping and the rotor 

stiffness 

 

One might choose the overall rotor parameters like the internal 

damping in the rotating frame, as    
  

  
 such that its effective 

value in all directions is ‘Ri’. The external damping of the system 

is taken as   
  

 
 such that the effective damping coefficient in all 

direction is ‘Ra’. The stiffness coefficient   
  

 
, such that ‘Ks’ is 

experienced in all directions. If the overall dynamics of the rotor is 

considered then the dynamic equation can be given as below   

 

   
 

  
     

 
 
    

 

  
     

    

     
  

 
 
 

 
 

   

The above equation can also be written by the overall 

force components experienced by the rotor in ‘X’ and ‘Y’ 

directions of the shaft the governing equation in fixed reference 

frame can be seen from the equation below, 

 

 
   

   
     

  

  
     

   
   

   
     

    
  

  

  
 

 
 

  

The  dynamic force components can be seen as  simple 

stiffness dependent forces,  ordinary damping force proportional to 

    and     and lastly the last component of the  force which  is of 

special significance  and its inherent nature may be discussed by 
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the later parts of the section,  This   component of the force can 

also be  called as the regenerative force or the circulating force 

which exhibits a special feature that it is solely responsible for 

creating instability in the rotor system due to its overall anti 

symmetry by nature. 

One might take this peculiar asymmetric force 

component given below for further analysis.  

 
   

   
   

     

    
  

 
 
 

 
   

  

the special characteristics of this circulating force component is  

that it cannot be actually derived from any potential components.  

One may then say that like most of the other force components 

found in nature this force is apparently non-potential            

where the function   ϕ(x, y) can be defined as some potential 

function. 

 

 

Fig. 2 Schematic representation of cylindrical journal bearing with fixed 

(X,Y) coordinate system 

 

III   CONTROLLER DESIGN 

Consider a non-linear control affine system given by 

 

                

The task is to find a control input that minimizes the performance 

index given by 

 

J(x(  ),  )=                         
 

  
 

 

Along with boundary conditions 

 

x(  )=   fixed and x(  ) free.                                                    

 

The utility function L is given by 

 

  x,u 
 
 

 

 
            

let us define a scalar function J*(x*(t),t) as the optimal value of the 

performance index J for an initial state x*(t) at time t, i.e., 

 

J*(x*(t),t)=(x(T),T)+                   
 

 
 

 

Consider a Hamiltonian given by 

 

H(x,    )=L(x,u)+                

where *=
   

  
  .The optimal control is obtained from the necessary 

condition given by 
  

  
 

  

  
     

 

  
              (3.7) 

 

This gives the following optimal control equation for control affine 

system described in (3.2): 

 

         *                                                              

  

 

Substituting the value of u into (6.5), we get 

 

H(x*,  ,  )=
 

 
    x*+

 

 
    x*                       

 

On simplification, we have the following optimal Hamiltonian: 

H*=
 

 
    x* -    

 

 
                 

=
 

 
    x* -    

 

 
           

 

Where G=g     .We know that the optimal vale function J*(x*,t) 

must satisfy the HJB equation given by  

 
   

  
         

   

  
        

 

With the boundary condition given by 

 

                       

 

It provides the solution to the optimal control problem for general 

nonlinear dynamical systems. However, the analytical solution to 

the HJB equation is difficult to obtain in most cases. It is well 

known that the HJB equation is both necessary and sufficient 

conditions of optimality. Therefore,  by combining (3.2) and 

(3.11), we can say that, in case of control affine systems(3.11), the 

optimal value function must satisfy the following nonlinear 

dynamic equation: 
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Since, the analytical solution of the above equation is difficult, we 

take a different approach and approximate the optimal value 

function as follows: 

 

V(x, t)=h(w, x)                                                              

 

Where the approximating function h(w, x) is selected so as to 

satisfy certain initial conditions stated in the next section. The 

parameter t has been put in  V(x, t) to show explicit dependence of 

the value function on time because of time varying parameters w in 

the approximating function h(w, x). 

 

For the value of function given in (3.12) to be optimal, it must 

satisfy the HJB  
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This gives the following weight update law: 
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The task is to find   so that the above scalar equation is satisfied. 

 

This is an under-determined system of linear equations with the 

number of equations less than the number of variables to be 

estimated. Though, there are infinitely many solutions for which     

would exactly satisfy the above equation, we seek the one which 

minimizes        . The problem is referred to as finding a minimum 

norm solution to an under-determined system of linear equations. 

The pseudo- inverse method is used to solve this 

problem.Eqn(3.15) may be written as  

s     

where s=
  

  
  is a 1*     vector      and         r= - 
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is a scalar quantity.  

 

The pseudo- inverse solution is given by 

                

 

Note that the term     is a scalar quantity and its inverse is easily 

computable. 

 

The control scheme is shown in figure 3.1. The blocks are self- 

explanatory. 

 

Consider a linear system of the form by 

  
  
  
     

 
      

  
  
   

    

     
  

 
   

 

 
  
  
   

  

 
 
  
  
  

 

 
 

    

     
  

 
   

 

From the above equations we get, 

    
  

 
     

   

 
  

    
  

 
     

   

 
       

 

On solving eqn1 and eqn 2, we get, 

        

      
  

 
   

   

 
      

 

        

      
  

 
   

   

 
      

 

State space model for the above equations:  

 
 

The initial values are 

 m= 0.1kg , 

          

internal damping=0.02 

w=660 rad/sec 

 

 
Here,  
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The task to find the control law u=c(x)that minimizes the cost 

function 

  
 

 
              

 

 

 

   

        
       
       
       

        

 

The optimal value function for the given linear system is given by, 

  
 

 
     

      
              

      
           

 

On differentiating V with respect to               we get 

  

  
  

         

         

         

         

  

 

Taking transpose of  
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Again on differentiating V with respect to  

                     we get; 

  

  

 

       
           

             
         

       

 

The derivative of the weight vector   is obtained by solving weight 

update law: 

  

  
    

 

 
     

 

 

  

  

 

 
  

  
 

  

  
   

 

A control law is a mathematical formula used by the controller to 

determine the output ‘u’ that is sent to the plant. In a feedback 

control scenario, the output u can lead to robustness to uncertainty, 

and can be used to design system dynamics. A control law, which 

is usually part of the controller, takes the output of a process one 

wants to control as input. This input is then used in an algorithm 

that the controller uses to determine u, which is the input to the 

system (plant). For example, in a cruise control system, the control 

law compares the reference speed to the current speed and uses this 

error (vr - v) in a PID control algorithm to determine the signal u 

that is then sent to the actuators to decrease the error between the 

desiredand actual speed. 
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The control law for this problem, it is compounded to be  

 

 
 

 

IV   SIMULATION 

 

 

Fig 3 Simulink Model of micro size Rotor 

 

A . Dynamics of Uncontrolled Rotor System: 

 

 

 

 

 

 

Fig 4  Instability  of the micro rotor without the controller 

 

 

B. Stabilization of micro rotor system Using Pontryagin (Optimal 

Controller)

 

 

 

 

V  CONCLUSION 

 

The paper  introduces the stabilization of small size rotor using 

Pontraygrin optimal controller. This project proposes the 

stabilization strategy which is more suitable for mini-micro sized 

rotors, hydrodynamic bearing and short journal bearing. We have 

designed models when the system is fixed and unstable, after that 

we converted it to rotating frame which is also unstable. All the 

simulation results are also presented in support of this conclusion. 

We have used MATLAB for our working and analysis. 

 

The proposed nature of the stabilizing control is algorithmic 

simplicity, there is effective Usage of memory, easy to deploy on a 

processor, mathematically, it is easy to comprehend, it has good 

speed response and it is a reduced order efficient controller design. 

 

VI   REFERENCES 

 

[1] Bou – Rabee NM., Marsden JE and Romero LA(2008), “ 

Dissipation-induced hetclinic orbits in tippe top’s ”, 

SIAM Revicco 50(2) : 325-344. 

[2] Mukherjee A (1984), “Effects of biphase lubricants on 

dynamics of rigid rotors”, Journal of Lubrication 

Technology 105: 29-38. 



22   TTIC, 2021, VOL 5, 18-22 

 

 

[3] Mukherjee A, Bhattacharya R and RaoDesari Am 

(1994), “A theoretical study of stabilization of a rigid 

rotor under the influence of dilute Viscoelastic 

lubricants.”, Journal of Tribology 107(1) : 75-81. 

[4] Or AC(1994), “The dynamics of tippe top”, SIAM, 

Journal of applied mathematics 54: 597-604. 

[5] Samantaray AK, Bhattacharya R and Mukherjee 

A(2008), “ On stability of Crandall gyro pendulum.”, 

Physics Letters, A372: 238-243. 

[6] Tolle GC and Muster D(1975), “Effect of a biphase 

lubricant on half –frequency whirl in a full journal 

bearing”, ASME Journal of Engineering for industry 

97(4) : 1345-1353. 

[7] Aurich A, BiermanD. ,Blumtt, Brecher C, Carstensen C 

and Denkena B (2009), “Modeling and simulation of 

process ”, Machine interaction in grinding, production 

engineering research and development 3:111-120. 

[8] Glebov VV, Sorokin VM, Pichkov VP and Ignat’ev 

Da(2005), “Analysis and improvement of grinding 

wheels with vibration damper for brittle materials”, In 

proceeding of 5th International Scientific-Engineering 

Conference on Assuming and Improving the Quality of 

machines in the life cycle stages. Bryansk a Vol. 2, pp. 

63-66. 

[9] Glebov VV, Sorokin, VM Puchkov VP and Ignat’ev DA 

(2007), “Eliminating vibrations in the face grinding of 

glass”, Russian Engg. Research 27:305-308. 

[10] C Burrows, M Sahinkoya, “Active Vibration control of 

flexible rotors: an experimental and theoretical study”, 

Proceedings of the Royal Society of London, A 

422(1989), 123-146. 

[11] A. Dimitri, A, El-Shafei, “Instability control and 

unbalance  compensation of flexible rotors supported on 

journal bearing using magnetic bearings.”, Proceedings 

of the Eight IFTOMM International Conference on Rotor 

Dynamics, Seol, Korea (2010),pp. 657-664. 

[12] R Fittro, C Knopse, “Rotor compliance minimization via 

µ control of active magnetic bearing.”, IEEE Transaction 

on Control System Technology 10(2)(2002) 238-249. 

[13] H.Gttorst, “Active Vibration reduction of an elastic rotor 

by piezo electric actuators”, PhD Thesis, TU Darmstadt 

2004(in German). 

[14] J Doyle, “Structured Uncertainty in Control System 

Design”, Proceedings of the 24th Conference on Decision 

and Control, Fort Lauderdale, FL USA 1985. 

[15] U. Sch  nhoff, “Practical Robust Control of Mechatronics 

System with structural flexibilities”, PhD Thesis,  TU 

Darmstadt 2003. 

[16] U. Sch  nhoff, R Nordmann, “A H∞ weighting scheme 

for PID like motion control”, IEEE Conf. on control 

Applications (CCA), Glascow, Scotland 2002. 

[17] A Muszynska, “Whirl and whip rotor/bearing stability 

problems.”, Journal of sound and 

vibration(1986),110(3),pp 443-462. 

[18] Santos, H Ulbrich, “Application of control Strategies for 

active titting pad bearings”, Zeitsschirft f  r Angewandte 

Mathematik und Mechanik 73(1993). 

[19] G Li, Z Lin, PE Allaire, B Huang, W Jiang, E.S Zorzi 

R.O Barlott, “Stabilization of a high speed rotor with 

active magnetic bearing by a piece wise µ-synthesis 

controller”, Proceedings of the sixth international 

symposium on magnetic suspension Technology, Italy 

2001, pp. 416-421. 

[20] U. Sch  nhoff, E Ehmann, R Nordmann, “Design of a 

robust PID like µ synthesis controller for position 

control”, Proceedings of the 2002 international 

symposium an active control of sound and vibration. 

[21] Yu Zhang, Qing-Quo Wang and K.J. Astram“  Dominant 

Pole Placement for multi-loop control systems ” 

Automatica, Vol-38,no-7, pp.1213-1220,July 2002. 

[22] Jian-Botte,Qing-Guo Wang and Tong-Heng Lee “ 

PI/PID controller via LQR approach”, Chemical Engg. 

Science, Vol-55,no-13, pp.2429-2439,July 2002. 

[23] Sahntanu Das “Functional Fractional Calculus” springer, 

Berlin,2011. 

[24] FarshadMerikhBayat and M Karimi – Ghartemani 

“Method for designing PID stabilizer for minimum phase 

fractional order systems.”, IET Control Theory and 

applications, Vol.4, no.1,pp.61-67,Jan 2010. 

[25] FarshadMerikhBayat, Mahdi Afshar and M Karimi – 

Ghartemani “Extension of the root locus method to a 

certain class of fractional order system”, ISA 

Transactions,Vol. 48, no. 1,pp 48-53, Jan 2009. 

[26] GM Malwatkar,SHSonawane and L.M Waghmare 

“Tuning PID Controller for higher order oscillating 

systems with improved performanace”, ISA 

Transactions, Vol. 48, no. 3,pp.347-353,July 2009. 
 

 

 

 


